We study energy transport in the quantum harmonic chain whose ends are in contact with two heat reservoirs at different temperatures. On the assumption that the reservoirs are composed of an infinite number of independent harmonic oscillators we derive the master equation that governs the time evolution of the reduced density matrix for the system. Mean kinetic energy of each particle and energy flux are calculated by perturbation with respect to the coupling constant. In the leading order obtained is the same bulk behavior as in the quantum Langevin approach. However, temperature profile near the ends is different due to contributions from higher-order terms when temperature is high and the reservoirs are non-Ohmic. 
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I. INTRODUCTION
Energy transport in the harmonic chain has been studied by several authors [1] [2] [3] [4] [5] . Rieder, Lebowitz and Lieb [1] investigated the classical harmonic chain whose ends are in contact with heat reservoirs at different temperatures. They started from the Langevin equation and exactly evaluated the covariance matrix in the stationary state. As the result, they found the following characteristic features. One is that internal temperature profile is flat and the global temperature gradient is not formed. The second is that the amount of total energy flux is proportional to temperature difference between the reservoirs and independent of the system size. Accordingly, the system does not have a normal thermal conductivity. In the vicinity of the ends of the chain, however, they found the peculiar behavior that the local temperature defined through mean kinetic energy of each particle is higher than the bulk value near the colder reservoir, and lower near the hotter reservoir. No physical explanations were given for this phenomenon.
Zürcher and Talkner [2] investigated a quantum model corresponding to that of Rieder et al. with use of the quantum Langevin equation [5, 6] . As for the bulk behavior, they found the same features as in the classical case. That is, no global temperature gradient is formed and energy flux is proportional to the temperature difference. However, temperature profile in the vicinity of the ends of the system shows some variety depending on temperature and a damping constant. In the high temperature limit, the quantum Langevin equation is reduced to the classical case and every quantity agrees with the result obtained in [1] .
The quantum Langevin equation is not the only way of introducing heat reservoirs in the quantum system. We here introduce what we call a phonon reservoir that is composed of an infinite number of independent harmonic oscillators and derive the master equation for the reduced density matrix. We apply it to the problem of energy transport in the quantum harmonic chain in contact with two reservoirs and compare the results with those from the quantum Langevin equation. An advantage of our reservoir is that the spectral density for the reservoir can be controlled. We find that the bulk behavior does not change in either case but temperature profile near the ends of the chain shows some differences depending on the spectral density and the temperatures of the reservoirs. These differences survive in the classical limit, where we obtain a nonstandard form of Fokker-Planck equation. Namely, diffusion terms penetrate somewhat deeper into the system if the reservoir is not Ohmic. This paper is organized as follows. In Section 2, we derive the master equation for the reduced density matrix of a general many-body system in contact with a phonon reservoir, and compare it with the quantum Langevin equation. Section 3 is devoted for the investigation on energy transport in the harmonic chain coupled to the phonon reservoirs. In Section 4, we consider the classical limit for the master equation and derive an unusual form of Fokker-Planck equation. Finally we summarize and discuss briefly in Section 5.
II. THE PHONON RESERVOIR

A. Master equation for reduced density matrix
In this subsection, we introduce a phonon reservoir and derive the master equation that governs time evolution for the reduced density matrix of a system in contact with the reservoir. The total Hamiltonian H tot is given as
where H denotes the Hamiltonian for the system of interest, H R denotes the Hamiltonian for the reservoir, and λH Int describes the interaction between the system and the reservoir. We assume that the reservoir consists of an infinite number of mutually independent harmonic oscillators [7] [8] [9] , that is,
where b † α and b α are the creation and annihilation operators for the αth mode. Moreover, we assume linear coupling between a Hermitian operator of the system, X, and a reservoir's operator as
where γ α s are some constants. We call the above reservoir including the style of coupling a phonon reservoir. In this section, we do not make any assumption for the system, though it will be taken as the harmonic chain in the next section.
According to the standard method (see e.g. [10] ), we derive the master equation for the reduced density matrix as follows. We start from the quantum Liouville equation for the total system
where ρ tot (t) is the density matrix for the total system. Under the condition that the reservoir is initially in the equilibrium state at inverse temperature β, the degrees of freedom that belong to the reservoir are traced out with the aid of projection operators. Then, we assume that the coupling strength λ is so small that the interaction can be dealt with by perturbation. Moreover, we adopt Markovian approximation which is valid if correlations between reservoir variables are short-lived. As the result we obtain the following equation for the reduced density matrix ρ(t) = Tr R ρ tot (t) (Tr R means the trace concerning the reservoir's degrees of freedom) in the second-order perturbation with respect to λ, 5) where Γρ(t) is defined as
At the same time when the Markovian approximation is valid, the upper limit of the time integral in the right hand side may be replaced by the infinity, and we put so in the following.
In Eq. (2.6), X(−t ′ ) means the Heisenberg operator at time −t ′ ,
and Φ(ω) denotes the Fourier transform of the two-point function of the reservoir operator coupling to X, namely,
where Φ(t) is given by
Hence, denoting the reservoir's density of states with respect to frequency ω by D(ω), we
where we introduced the smooth function γ(ω) that satisfies γ(±ω α ) = γ α . We also define the spectral density I(ω) as
for later convenience.
In the following we rewrite Eq. (2.5) in a convenient form for later use. Let us consider the (k, n) component of operator Γρ(t), k|Γρ(t)|n , where |k and |n are eigenstates for the system Hamiltonian H with energy eigenvalues E k and E n , respectively. From Eq. (2.6), readily we have 12) where X k,l = k|X|l and ρ k,l (t) = k|ρ(t)|l . Utilizing the mathematical formula 13) and neglecting the principal value [10] [11] [12] , we can transform Eq. (2.12) as follows.
k|Γρ(t)|n
In the last line we have used the Kubo-Martin-Schwinger (KMS) condition Φ(ω)e βhω = Φ(−ω), which is derived from Eq. (2.10). Now we introduce the operator R whose matrix elements are
and its Hermitian conjugate R † given by
Then, Γρ(t) is represented as follows 18) and we arrive at the master equation of the form
In the following sections, this will be used as the basic equation for a system coupled with the phonon reservoir without referring to validity of approximations used in the derivation. The quantum Langevin equation was introduced by Ford, Kac, and Mazur [6] . They considered the following coupled oscillators composed of (2N + 1) particles,
where q n and p n are the ith canonical coordinate and momentum variable, respectively, and
symmetric matrix whose elements are described as,
It should be noted that the eigenvalues of this matrix are ω 
the motion of the zeroth particle is described by
where the operator E(t) is a Gaussian random force with vanishing mean E(t) = 0. It also satisfies the commutation relation
and has the symmetrized correlation Visscher and Rich studied energy transport in the quantum harmonic chain connected with self-consistent reservoirs, whose temperatures are determined so as not to produce a finite energy flux between each reservoir and the subsystem in contact with the reservoir in the stationary state [5] . They expressed those reservoirs with the quantum Langevin equations and found the normal thermal conductivity for the system. Zürcher and Talkner also adopted the quantum langevin dynamics in order to study quantum effects of the energy transport phenomena in harmonic chain [2] . They evaluated covariance matrix at a stationary state and confirmed that the temperature profile and energy flux in the bulk show the same feature as obtained in [1] in the classical limit. They also found some quantum effects.
The quantum Langevin equation is suitable for the system where its motion is described by differential equations but not for discrete systems such as spin systems. In contrast, our master equation can be used for either case, because it deals with the reduced density matrix. In the following sections the application to the harmonic chain is described. The application to spin systems will be reported also in the near future.
III. ENERGY TRANSPORT IN THE QUANTUM HARMONIC CHAIN
In this section, we investigate energy transport in the quantum harmonic chain in contact with two phonon reservoirs at different temperatures, and examine what is common with and what is different from the classical and the quantum Langevin cases.
A. Model
Our system is the one-dimensional quantum harmonic chain given by the following Hamil-
We impose the fixed boundary condition, which is realized by putting
This is the same boundary condition as was used in [1] . Taking into account the boundary condition we carry out Fourier transformation as follows,
where wave number k runs through the values
It is easily found that operators u k and v k ′ satisfy the usual commutation relations for canonical variables 5) and the Hamiltonian is decoupled into normal modes as
where ω k = 2ω 0 sin(k/2) is the frequency for mode k. Introducing the creation and annihilation operators a † k and a k in the ordinary manner as
and
we get
Here we display the expression of x n in terms of the creation and annihilation operators for later use,
B. Moments in the Stationary State
We attach two phonon reservoirs at different temperatures to the ends of the harmonic chain. More specifically, x 1 is linearly coupled with one phonon reservoir at inverse temperature β L and x N is linearly coupled with the other phonon reservoir at inverse temperature β R . For simplicity we assume that the coupling strength λ and the form of the coupling γ α in Eq. (2.3) are vcommon for both the reservoirs. Then the master equation for the reduced density matrix is written as
where µ = λ 2 . The damping terms Γ L ρ(t) and Γ R ρ(t) are represented as
where operators R L and R R are defined through the matrix elements
and E l denotes the energy eigenvalue for state |l .
To solve the equation, we need to express the operators R L and R R in terms of a k and a † k . From Eq. (3.10), operators x 1 and x N are written as
Let |n k denote the eigenstate for the number operator a † k a k with eigenvalue n k
Then the eigenstates for the system Hamiltonian (3.9) are given by the direct product of number states |n k as
whose energy eigenvalue is
Accordingly, the matrix elements of R L are calculated as
Now we note that 
Thus the operator R L can be represented as
In the same manner, the operator R R is represented as
As will be shown later, to evaluate mean kinetic energy of a particle and energy flux in the stationary state, we have only to calculate the second moments 
This equation is represented as follows after tedious but straightforward calculations,
In the same way, Eq. (3.27) is also transformed into
We will solve these equations by perturbation. Namely, we expand a k a k ′ and a † k a k ′ with respect to µ as follows.
The commutation relations among the creation and annihilation operators yield the following relations for the coefficients of the nth order, 
Accordingly we have for all k and k
and for k = k
Putting k = k ′ in the first-order equation, we have
Since sin 2 k = sin 2 (Nk) = 0, Eq. (3.40) leads to
The first-order coefficients are similarly calculated. From the first-order equations, we have for all k and k
and for
where
and n R (ω) is that at β R
Equations (3.29) and (3.30) imply that the first-order coefficients must be pure imaginary.
On the other hand, a † k a k 1 must be real at the same time. Thus, we have
In particular, the above results mean that up to the first order the energy of the system, E st , is the arithmetic mean between equilibrium energy at inverse temperature β L and that at β R , namely,
This can be easily generalized to the case where the left and right reservoirs have different spectral densities, I L (ω) and I R (ω), respectively. In that case we have
and a † k a k 1 remains to vanish. Therefore E st is represented by the weighted mean as
up to the first order in µ.
C. Kinetic Energy of a Particle and Energy Flux in the First-Order Perturbation
Here we compute mean kinetic energy of each particle and energy flux up to the first order with respect to µ. The mean kinetic energy of the nth particle, ε n is defined by
This is represented in terms of the creation and annihilation operators as
We substitute the results obtained in the last subsection into the above equation. Utilizing
This result is correct up to the first order in µ and corrections come only from µ 2 or higher order terms. This means that the energy profile does not depend on µ or I(ω) in this order.
In the classical limit, Eq. (3.52) goes to
R are the temperature values of the left reservoir and the right reservoir, respectively. In the classical limit, 2ε n can be interpreted as temperature at site n. Thus, we obtain completely flat temperature profile in this limit.
Energy flux is defined via the equation of continuity. From the master equation (3.11), time derivative for the energy of the system satisfies 
It should be noted that terms of order µ 2 vanish. If N ≫ 1, we can replace the summation by an integral and obtain
Thus, we have found that energy flux is proportional to the temperature difference and independent of the system size, which is the same result by Rieder et al [1] .
D. Contributions from the Higher-Order Terms
In this subsection, we evaluate contributions from higher-order terms and find deviations from the flat temperature profile near the ends of the chain.
From Eqs. (3.29) and (3.30), it turns out that if n ≥ 1 the (n + 1)st-order terms are computed via the following equations from the nth order terms; For all k and k ′ ,
and a † k a k n+1 is computed through the other coefficients of the same order as
Because the above equations contain the spectral density, we have to specify its functional form. For simplicity, we employ the following form for the spectral density
The reservoir is called Ohmic if α = 1, sub-Ohmic if α < 1, and super-Ohmic if α > 1 [8] .
We have computed mean kinetic energy of the nth particle ε n up to the 20th order, where the convergence of the series (3.31)-(3.34) is confirmed, for α = 1.0 and α = 1.5. The former case is illustrated in Fig. 1 , and the latter case in Fig. 2 Fig. 1(a) ), temperature drops near the left end in contact with the hotter reservoir and rises near the other end in contact with the colder reservoir, which is the same paradoxical behavior as found by Rieder et al and also observed by Zürcher and Talkner. Such behavior disappear if the reservoirs are super-Ohmic (Fig. 2(a) ), and the second particle and the (N − 1)st particle take hotter and colder temperature than the internal region, respectively. These two figures show almost the same behavior qualitatively as well as quantitatively. In both cases, quantum fluctuations enhance temperatures of particles close to the ends. We may say that differences in the spectral density does not affect the temperature profile in low temperature. In the medium temperature cases, Fig. 1 (b) and Fig. 2 (b) , mixed behavior of the classical and quantum features are observed. (See also the figures in reference [2] ).
For the high-temperature values, T L = 200.0, T R = 50.0, temperature deviations of particle 2 and particle (N − 1) from the mean internal temperature is plotted for various α in Fig. 3 . This figure shows that the peculiarity found by Rieder et al occurs for sub-Ohmic and Ohmic reservoirs, but disappears when α is greater than a critical value α c , which is estimated as α c ≃ 1.04.
IV. FOKKER-PLANCK EQUATION IN THE CLASSICAL LIMIT
The temperature profile obtained in the previous section show some variety around the ends of the chain depending on values of α. In particular, the peculiarity found by Rieder et al. [1] disappears in the super-Ohmic regime. Since the differences are seen in the high temperature case, they are not restricted to quantum systems but should survive in the classical limit. Thus, some characteristics must appear in the Fokker-Planck equation obtained from the master equation in the classical limit and they discriminate the equation from the usual one. Actually, we will find that except the Ohmic case diffusion terms in the Fokker-Planck equation take a different form from the ordinary one derived from the Langevin equation.
Since such a difference is also seen in the case where a single reservoir couples with the system, we will confine ourselves to the case in this section.
When a heat reservoir is attached to the left end of the chain, the classical Langevin equations for canonical variables x n (t) and p n (t), n = 1, 2, ..., N are ∂x n ∂t = {x n , H} (4.1)
where {·, ·} means the Poisson bracket. The correlation function of the Gaussian white random force ξ(t) is connected with the damping constant ν and the temperature at the first particle β via the fluctuation-dissipation theorem as
As is well known, the Langevin equations are equivalent to the Fokker-Planck equation
where P (t) is the distribution function on the phase space.
We now turn to our master equation. Inserting the representation for operator R L , (3.24), into the master equation (2.5), we have
where we omitted suffix L. Then we represent the creation and annihilation operators by the position and momentum operators and obtain
In the classical limit, the density matrix ρ(t) is replaced by the distribution function P (t) and commutators are replaced by Poisson brackets. Therefore, Eq. (4.6) is transformed into
where 8) in the classical limit. This is also confirmed by the moment equation. Namely, the equation for the covariance matrix derived from Eq. (4.7) agrees with the classical limit of the corresponding quantum equation.
When the reservoir is Ohmic, namely I(ω) = I 0 ω, the coefficients C n are evaluated as If the reservoir is sub-Ohmic or super-Ohmic, however, C n does not vanish for n ≥ 2. Figure 4 shows C n as a function of n for various α. As is known from the figure, the sign of C n (n ≥ 2) is positive in the sub-Ohmic regime and negative in the super-Ohmic regime. The difference in the temperature profile discussed in the previous section should be explained by the α-dependence of coefficients C n .
V. SUMMARY AND DISCUSSION
We have derived the master equation for a system in contact with one or more phonon reservoirs in Sec. 2. It was done on the assumption that the correlations of reservoir variables are short-lived, but we can use it as the basic equation to discuss behavior of the system.
It is because the equation satisfies the necessary condition for the master equation that the canonical distribution must be a stationary solution when the reservoirs are at a same temperature.
In Sec. 3, we have applied the master equation to energy transport in the quantum harmonic chain. We attached a phonon reservoir at one end and another at the other end of the chain. The moment equations (3.29) and (3.30) were solved by means of the perturbation theory and physical quantities such as mean kinetic energy of a particle and energy flux were calculated. Up to the first order with respect to µ = λ 2 , we obtained completely flat temperature profile and energy flux proportional to temperature difference between the reservoirs in the classical limit. These are the same feature found by Rieder et al. The higher-order terms contribute only near the ends of the chain and bulk behavior is determined by the zeroth-order solutions.
We looked into contributions from the higher-order terms to temperature profile near the ends. As the result, we found that the profile varies depending on the spectral density for the reservoirs. When the reservoir temperatures are high enough and the reservoirs are sub-Ohmic or Ohmic, the same peculiar behavior as found in [1] is observed. However, in the case of super-Ohmic reservoirs, the peculiarity can disappear. When the reservoir temperature is sufficiently low and quantum fluctuations are dominant, temperature growth near both the ends was observed in every case, which is the same as found in Zürcher and
Talkner.
In Sec. We expect that the present phonon reservoir can be used for other systems such as spin systems for which the Langevin approach is difficult. One possible problem for such generalization lies in the representation of operator R. In the case of the harmonic chain, operator R was written in a simple form by using some system operators. Thus we were able to analyze the master equation systematically. This can be done because the harmonic chain is integrable. Thus, similar procedure can be developed for other integrable systems, e.g. the transverse Ising model and the XY model [19] . However, a normal thermal conductivity requires nonintegrability [13] [14] [15] [16] [17] [18] . Accordingly, our present approach may not be enough and we have to devise a different method to investigate heat conduction in a quantum nonintegrable system. 
